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ON THE BANACH SPACES OF FUNCTIONS
WITH BOUNDED UPPER MEANS

KA-SING LAU

We consider the Banach space -#?(R) of functions with
bounded upper means. A detailed study is made of the ex-
tremal structure of the closed unit sphere, the dual space
and the representations of the bounded linear functionals on
A*(R).

1. Introduction. In his celebrated paper on generalized har-
monic analysis [13], Wiener introduced the following integrated
transformation

@) sw=Llim(|" + )20+ = s Las,

gmsoo 2

where f is a complex valued Borel measurable function on R which
satisfies S | f@) /L + x2¥)dx < =. By wusing a deep Tauberian
theorem, he showed that if either limit exists, then

im L\ e = Ii Lr — s(u — )2
a2 lim L S_T[f(x)[dx lim =" st h) = s(u — B)ldu.

The formula has important applications in studying physical phe-
nomena such as white light, noise, and turbulence where ordinary
harmonic analysis is not applicable [2], [12], [13].
Unfortunately, the clas;s % *(R) of Borel measurable functions
f such that lim,_., 1/2TS | fix)|*dx exists is not closed under
T

addition. It is natural to consider a larger linear space which con-
tains the above nonlinear space of functions. In [11], Marcinkiewicz
defined the class . Z?(R), 1L £ p < =, as the set of Borel measurable
functions f with

11 =Tm (= 1)’ < .

By identifying functions whose difference has zero norm, he proved
that (_#Z*(R), ||-]|) is actually a Banach space. The space had been
studied by many authors in the theory of almost periodic functions
and generalized harmonic analysis (e.g., Besicovitch [4], Bohr and
Folner [6], Bertrandias [3] and Lau and Lee [10]). In [10], it was
shown that the transformation defined in (1.1) ecan be extended to
an isomorphism from _Z?(R) onto the space 7*(R) of functions with
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bounded qua(/lratic variations (1 e., |ls|l= 11m (1/2h [s(uw + h) —
1/2
s(u — h)[%lu) < oo, sET 2(R)) Note that Wlener S 1dent1ty 1.2)

implies that transformation (1.1) is an isometry on %7 *R). The
theorem revealed that _#Z?(R) and 7°?(R) are interesting spaces and
further study is desirable. In this paper, we concentrate on two
topics, viz., the extremal structure of the closed unit sphere in
#Z*(R) and the representations of functionals on .Z?(R).

In §3, we prove

THEOREM 3.8. Let 1 < p < o and let fe #*(R) with ||f|| = 1.
Suppose there exists an increasing sequence {T,} which diverges to
T

oo, with {T,./T.} bounded and lim,_.. 1/27T,\ * |f@)|’de =1. Then
—~Ty
f is an extreme point of the closed unit sphere S(.#*(R)).

In particular, every function in 27 ?(R), 1 < p < o, is an ex-
treme point of S(_#Z?(R)). A partial converse of the above theorem
is also given (Theorem 3.10). For p» = 1, we show that S(_#Z"*'(R))
does not have any extreme points (Theorem 3.11).

In order to study the dual space of _#Z?(R), it is convenient
to make use of the following spaces:

M#(R) = {f: f is Borel measurable, || /|| = sup (_11_,5 IflP )’ <o,

(R) = (e Tm =" 170 =0} .

We will identify .Z?(R) with the quotient space M*(R)/I?(R). For
1< p< o, we show that M?(R) is the second dual of I?(R) and
M*(R)* = I"(R)* @ I*(R)*, with _Z?(R)* isometric isomorphic to
I*(R)*. By using a method of Cwikel [7] and the theorem of Bishop
and Phelps [5], we will give concrete representations of functionals
on I?(R) and _#Z*(R) (Theorem 4.6, Theorem 5.2).

THEOREM. Suppose that 1 < p < « and 1/p + 1/g = 1.

(i) If leI?(R)*, then there exists a + € M(R) and a countably
additive, positive, bounded regular Borel measure on [1, ) such
that for all feI?(R),

.9 W5 =\ (|, Ferwada)du)

(ii) There exists a (norm) dense subset DS _#Z°(R)* such thaot
each | in D can be represented as in (1.3) with € #ZY(R) and pt a
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finitely additive, positive, bounded regular Borel measure on [1, o)
concentrated at oo

We are unable to represent every functional in _Z?(R)*. How-
ever, if we consider the subspace . Z?(R), the #Z*-regular functions
defined by

AHR) = {fe®): lim 2| 17P = o}

we can show that (Theorem 5.5).

(iii) Fach le _ZP(R)* can be represented as in (1.3), where
1s the same as in (ii) and + is a Borel measurable function on
[1, ) X R with (T, )€ _ZR) for each T ell, ).

We remark that the representations in (i), (ii), (iii) are not
unique. Our paper is organized as follows: in §2, we list some
relevant properties of Banach space theory and prove some elemen-
tary results for the spaces M?(R), I*(R) and . Z?(R). In §3, we
study the extreme points of S(M?(R)) and S(_Z7?(R)). In §4, we
show that I?(R)** = M*(R) and part (i) of the above theorem. These
results are used in §5 to prove part (ii) and (iii) of the theorem.

The author would like to express his gratitude to Professor
Masani for bringing his attention to this subject and for many
helpful discussions and comments.

2. Notations and basic properties. Let X be a Banach space
and let S(X)={feX: ||fl| =1} be the closed unit sphere of X.
X* will denote the dual space of X. An leX™ is called a norm
attaining functional if there exists an fe S(X) such that <I, /) =||l]l.
The well known theorem of Bishop and Phelps [5] states that

The set of norm attaining functionals on X is dense im X*.
For any closed subspace Y of X, let X/Y be the quotient space and
let Y* be the annihilator of Y. It is elementary that (X/Y)* is
isometrically isomorphic to Y*.

A Banach space X is called uniformly convex [8] if

5(6)=inf{ ||f+g” |f — g!lze,f,geS(X)}, e>0

is a strictly positive function on R*, 6(-) is called the modulus of
convexity of X. If (£, p) is a measure space, it is known that
L*(2, 1), 1 < p < oo, is uniformly convex and that 6(-) depends only
on ¢ and p and is independent of the underlying measure space.
Let X be a uniformly convex space. It follows directly from
the definition that if f, g € S(X) with ||f|]| = 1and ||f — ¢g|| = ¢, then
[y g0l £1 — 26(c) where [, is a norm one functional on X and
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attains its norm on f. We will need the following slightly stronger
statement:

LEMMA 2.1. Let X be a uniform convex space with modulus of
convexity 6(-). Suppose that given € > 0, there exist f, g in S(X)
and l; e S(X*) such that ||f —gll=e, 1—c¢2Z||fIIS1 and I
attains its norm at f/||fll. Then |, ¢>| <1 — 26(g/2).

Throughout, we shall assume that f is a complex valued Borel
measurable function on R. Given a positive Borel measurable funec-
tion w(z), we will use L?(R, w(x)dx) to be the Banach space o/f Borel

1/p
measurable functions f such that ||f]|| = (S | f(m)["w(x}dw) < oo,
R

For a locally integrable function f, we define
1
2T

Let M*(R) and I?(R) be defined as in the introduction with || f|| =
SUDs<r< AT, | f12)V?. It is known that M*(R) & L¥(R, dx/(1 + x?) [14].
We refer to [10] for the following result.

AT, f) = S:f(w)dx, T=1.

PROPOSITION 2.2. Let 1 < p < oo, then for any a >0, M*(R) &
L*(R, dx/(1 + |2[|'**)).

PROPOSITION 2.3. Let 1 < p < o, then
(i) LP(R) is a dense subspace in I?(R) and I*(R) is separable;
(ii) I°(R) contains a subspace isomorphic to c,.

Proof. We omit the simple proof of (i). To show that I?(R)
contains a ¢, we proceed as follows: let n, =1, f, = 4'?X,, and
choose for ¥ > 1, n, and f, such that 1 < n, +1< 0, < +++ < my_, +
1< myy fo = @y + )Xy 0y and

-]:_Snk—-ﬁl kz—:‘1f;(w)ﬂdx<l .
2nk 0 Jj=1 2

Clearly, || fill = 1. We claim that the subspace generated by {f,} is
isomorphic to ¢,. If {¢;} is a sequence in ¢, such that sup,|c,| =1,
then for any T, we can find a & such that n, < T < n,.,. Thus by
our construction of {f,},

A (T,

DIR N A
=1

4 np+l k
)= [ Slers =2t o4 L<s.
2%,, 0 j=1 %k 2

Hence 1 < || >, ¢.fill = 87 for any {c¢,} in ¢, with sup, |¢,| =1 and
the claim is proved.
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Let .Z7°(R), 1 < p < > be the set of measurable functions on
R such that [|f]|| = lim,.. A(T, | f|?)"* < c. By identifying func-
tions whose difference has zero norm, .Z?(R) is a Banach space [11].
Let %7 ?(R) be the set of fe _#Z?(R) such that lim,_. A(T, |f]|?)
exists. Note that 227?(R) is a nonlinear subspace. The following
identification of _Z?(R) will be very useful for us. The proof is
in [10].

PROPOSITION 2.4. _Z*(R) is isometric isomorphic to M?(R)/I?(R)
under the natural identification.

PropoSITION 2.5. _Z?(R) contains a subspace isomorphic to [”.
Consequently, 7Z*(R) 1s nonseparable and nonreflexive.

Proof. Let a,=0, b, =1 and ¢, = 2",_,, b, = 2"a,. Then

a,, by,
;1,: S_an Loy ipy 1 < zin and % g_bn Xiapoy =1 — 2% .
Let {7 ,}.cxr be a partition of the set of natural number NN such
that each .7, is an infinite set. Let f, =23 -, Xa,.5,1, Dote that
Tim,_. A(T, | f.|?) =1 for each n. If {c,} is a sequence such that
sup, |¢,| =1, then it is clear that 1 <35 ¢.f.ll. For each T,
there exists a & such that a, < T < a,:,. Hence

=) P k D
A1, | Set] ) 2 A(T |2 asns|)
1 T 1 Sak k—1
< _— —_ L
=37 SJ Xiap + %a, _aka::lx[aj,bg]
1501
<14+ => =
=l+52%
<2

Thus 1 = |32 ¢.f.ll £2Y7 and this induces an isomorphism from
I” onto the subspace generated by {f,} in _Z?(R).

Let B?AP be the class of (Besicoviteh) almost periodic functions,
the _#Z'?-closure of the set of trigonometric polynomials >\7_, a,e*:",
t,e R. It is known that B?AP is a closed subspace of Z?(R) ([6,
p. 45]). For the case p = 2, we can define an inner product by

(/s 9) = lim A(T, f9) , f,geBAP.

This inner product induces a norm on B2?AP which coincides with
the _#Z*norm. It follows that _#Z*R) contains a nonseparable
Hilbert space (since fi(-) = ¢’ € B*°AP for all t€ R).
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PROPOSITION 2.6. For 1 < p < oo, Z?(R) contains a monsepa-
rable reflexive Banach space.

Proof. It follows from the definition of B?AP and the Holder
inequality that for fe B’AP, ge B'AP, 1/p»p + 1/g =1, fgeB'AP,
hence lim,.., A(T, fg) exists. By defining (g, /) = lim,.., A(T, f9),
we can show that (B*AP)* = B’AP and (BAP)* = B*AP. Hence,
B?AP is reflexive. Observe that it is also nonseparable. This proves
the proposition.

3. Extreme points. Let K be a convex subset in a linear
space X. fe K is called an extreme point of K if for any g, hec K
such that f=xg + L — A)h, 0 < A< 1, then f=g = h. The defini-
tion is equivalent to the statement: vge X, f+ ge K implies that
g =0.

LEMMA 3.1. Let feM*(R),1 < » < o. Then AT, |f") =1 for
all T = 14if and only if | f®)]? + | f(—x)|" =2 for almost all x = 1.

Proof. The sufficiency is obvious. To prove the necessity,
T
observe that A(T, |f|?) = 1/2TS | f|7 is absolutely continuous on 7.
-r
Differentiation yields that

1 ) P _1_. 4 —_ ) —
__Z—T?S_Tlfl +2T(|f(T)l +1A=T)")=0 aa. T=1

and this implies | f(x)|® + | f(—x)|” = 2 for almost all = 1.

THEOREM 3.2. Let 1 < p < o and let fe S(M?(R)).

(i) Suppose there exists a ¢ > 0 and a sequence {T,} diverging
to oo with A(T,, |f1P)Y* > 1 — 6((¢/T,)"?), where 6(-) is the modulus
of comvexity of L°. Then f is an extreme point of S(M?(R)).
Conwversely,

(ii) Suppose f is an extreme point of S(M?(R)). Then for
any ¢ > 0, there exists a sequence {T,} diverging to oo such that
A(T,, | £V > 1 — (e/T)"".

REMARK. Geometrically, condition (i) says that if there exists
a sequence {T,} such that A(T,, |f|?) — 1 sufficiently fast, then f is
an extreme point of S(M*(R)).

Proof. (i) Suppose there exists a g € M?(R) such that [| /=g =1
and ¢ #0 on [—T,, T,] for some T,>0. Let ¢= S OT lgl>. The
uniform convexity of L*([—T, T], dz/2T), T > T, and the fact that
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T
1/2TS . [(f+9) —(f— 9" =¢/T yield AT, |f")"* =1 — o((c/T)"™).
This is a contradiction.
Suppose statement (ii) is false. Then there exists a ¢ > 0 such
that for T > T,, AT, |fI")"* + (¢/T)"* = 1. If g = (2)" Xz, 144115
then

AT, |f £ gl")” = AT, | FI)7”? + e/T)”" = 1.

This implies f is not an extreme point of S(M?(R)).

COROLLARY 3.3. Let 1< p < oo and let feM?(R) such that
| f@)]?+ | f(—2x)|” =2 a.e. Then f is an extreme point of S(M?(R)).

Proof. The result follows directly from Lemma 3.1 and Theorem
3.2.

Clarkson proved that on L?, the modulus of convexity satisfies

spl/P

a(3)T rsees

3(e) =
p_162+_..>p—162

> . 1l<p<2,
8 8 p

[8, p. 149]. By considering ¢ = (2¢/T)"* for some ¢ > 0, the follow-
ing results are obtained:

COROLLARY 8.4. Let 2 < p < = and let fe S(M*(R)). Suppose
there exists a ¢ > 0 and a sequence {T,} diverging to oo such that
AT, | fI?) > 1~ (e/T,). Then f is an extreme point of S(M?(R)).

COROLLARY 3.5. Let 1< p < 2 and let fe S(IM?(R)). Then the
same conclusion holds 1if we 7replace the above imequality by
A(T,, | £V > 1 — (c/T.)".

For the case p = 1, we have

THEOREM 3.6. S(M'(R)) contains no extreme point.

Proof. Let feS(M'(R)) and || f|| = 1. If S |f| = a > 0, by the
fact that L' contains no extreme point, we can find a nonzero g
1
which vanishes outside [—1, 1] and S |f+ 9| =a. Hence

-1

AT, |fxg)=1 forall T=1
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and f is not an extreme point of S(M'(R)). If Sl |f| =0, choose
T, such that for 1< T < T,,

1 (7 1
o< | 1=+,

By the same argument as about, we can find a g such that 0 <
T

X ’ lg| < 1/2, g vanishes outside [—T,, T,] and

-7y

ir=a=1" 171

Again we have A(T,|f=+g|) <1 for all T=1 and f is not an
extreme point of S(M(R)).

The argument in Theorem 3.2 and Theorem 3.6 also implies the
following result.

PROPOSITION 3.7. For 1 < p < o, SUI?(R)) does not contain an
extreme point.

In the rest of this section, we will consider the extreme points
of S(_Z*(R)).

THEOREM 3.8. Let 1< p < o and let feS(#*(R)). Suppose
there exists a sequence {T,} diverging to o, such that {T,.+,/T,} s
bounded and lim,.. A(T,, |f|?) =1. Then f is an extreme point of
S(_#Z*(R)).

Proof. Suppose g in _#Z?(R) is such that lim,_. A(T, |fxg|") < 1.
We claim that lim,_., A(T,, |g|*) = 0 where {T,} is the sequence in
the hypothesis. For otherwise, by passing to subsequence if neces-
sary, we may assume that A(T,, |¢|?) = ¢ for some ¢ > 0. For each
n, consider f, f+ ¢ as elements of L*(—T,, T,], dx/2T,). The uni-
form convexity of the LP-norm implies that there exists a d(¢) >0
such that A(T,, |f|?) <1 — 4. This contradicts the hypothesis that
lim,_.., A(T,, | f|*) = 1 and the claim is proved. If 7> 0, then T, <
T<T,., for some n. Hence
» 1 STn-a‘-l pe Turs . 1 STn+1 »
AL =m0 = !
=L A2, L) -

n

The boundedness of {T,.,/T,.} implies that the last term tends to 0
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as T — o. Therefore |[|g||=0 and f is an extreme point of
S(_#7(R)).

COROLLARY 3.9. Letl1l < p < o and let f€ 77 *(R) with || f|| = 1.
Then f is an extreme point of S(_7Z"(R)).

It is easy to construct an extreme point of S(_~?(R)) which is
not in %77 ?(R). For example, let 0 < a <b <1 and let {«,} be a
sequence such that o, =1, a,b + 1< a,,,@ and lim,_. «a, = . Let

1 lzl <a

Ao = a,a = |w] < ab
(b+1) —a)y”, ab <zl <ab+1
1 ab+ 1< |z <a.0.

Then we have A(T,|f|?) =1 for all 7 >0, and A(T,|f|?) =1 for
T e R\U;-, (a,a, a,b + 1) and A(a,b, | f]*) = a/b < 1. This shows that
feS(Z"(R))\?7 ?(R) and f satisfies the condition in Theorem 3.8,
hence it is an extreme point.

In the following, we will give a partial converse to Theorem
3.8.

THEOREM 3.10. Let 1 < p < oo and let feS(#Z?"(R)). Suppose
there exists an « in (0, 1) such that

(i) {T>0: AT, |fI")=1—a}=Uila, b] where b, <a,,
and lim,_.a, = lim,__b, = co.

(i1) {a,+./b.} is an unbounded sequence.
Then f is not an extreme point of S(.#Z"(R)).

REMARK. The hypotheses of the theorem essentially mean that
if A(T,|f|?) stays below (1 — «) infinitely often and long enough,
then f is mot an extreme point of S(_Z7?(R)). A simple example of
such f is provided in the proof of Proposition 2.5. We also note
that conditions (i) and (ii) are equivalent to: there exists an a in
(0, 1) such that no sequence {7} will satisfy lim,_., T, = o, {T,,/T.,}
is bounded and lim,_ . A(T,, | f|*) > 1 — a. (Compare this with The-
orem 3.8.)

Proof. Without loss of generality we assume that ||f|| = 1.
Also, by passing to a subsequence, we assume that for each =,
there exists a T ¢€]la,, b,] such that A(T,|f|’) =1 — a/2 and that
lim,..@,../b, = . If¢, = sup{T €la,, b,]: AT, |f|") =1 — a/2}, then
for all T in [e,, b,], AT, |f]") £1 — «/2. Define B = J;., B, where
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B, =[-b,, —c,]Ulec, b,]. We will consider the following two cases:

(i) Suppose lim,_. A(b,, | fXz,[?) = 0. This implies that there
is a subsequence {b,,} such that lim,_. A(b,,, | fXB” |”) = 0 and yet an-
other subsequence {b,,.} of {b,} such that lim, ., A(b,,k,, [ fXy; Ba [P=0.
In order to dispense with cumbersome notation, we assume that
{n,} = {»} and by adjusting a zero function in _#Z”?(R), we assume
that fX,, 5, =0. Hence fX; = 0 for each » and

Ay IF=1-2 and 4G, |fM =" (fP=1-a.

2b,
Subtraction yields that

<bnb—cw>=2—c—¥a'

n

Let 0 < a?<1/2(2 — a), we claim that A(T,|f* aX; ) =1+
1/2(b,/a,+,) for all T > 0. Thisisclearif 0< T'<¢,. Fore, < T <0,
we have

Mﬂﬁidm0=Mﬂvm+%“1§ﬁ
b, — ¢,
s(1-g)+e b,
— (14 a’a
( 2>+2—a

=1.

A similar proof shows that A(T, |f+ aXz |") =1 for b, = T < @,4;.
If a,.,,< T, then

AT, |f+al, ) <1+ 207 <14 -0

and the claim is proved.
Choose a subsequence {n,} of {n} with », = 1 and 7,,, such that

for T > nytyy
A (T,

Let ¢=33%,a¥s;,. Then ge._#Z*R) and Tim,. A(T, |g|?) =
a*a/2 — a) > 0. Given T > 0, then n, < T < n,,, for some %k and

P)l/l)

k P
> aXBM_

)<

AT, |f £ g1V < AT, | f  alls, 1) + A(T,

=(1+ ——an:”: =)+ (%) :

k-1 X
a .
2 Vo,
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This implies that Iim,.. A(T, |f+ g|?) =1 with g # 0. Hence f is
not an extreme point of S(_#Z*(R)).

(ii) Suppose lim,.., A(b,, | fXz,|?) > 0. Let 0<a <1 be such
that 0 < |(1 = a)» — 1| < a/2. For each n, we claim that

b.

@ty

AT, | f+afl, ) =1+2

Indeed, if ¢, < T < a,.,, Wwe have
AT, | f £ afXs,I") = AT, | fIP) + QL £ ) — 1|%5 | L5, ?
-7
<1——2->-!—l(1+a)”—1]<1

If a,,, < T, then

AT, |f % afts,?) S 1+ |0 £ ap — 1] 2 S |Fir
Aty 2b
b
<1+84& %
o * 2 Qpty

This proves the claim. The same argument as in the last paragraph
of part (i) enables us to derive a contradiction by choosing a ge
#*(R) with ||g]| # 0 and ||f = g¢]|] = 1.

THEOREM 3.11. The set S(_.#Z*(R)) contains no extreme points.

Proof. Let feS(.#Z*(R)) with ||f||=1, B,=[—T, T.] where

[, 171 =1andlet By = [=Tpu, Tor= T,y T,] where | [ 7] =1,
B By,

Itlis easy to show that T, — . Let g =1/2(Xy5,,,, — XUBZB f. Then

lgll=1/2. For any T, T, =T < T,+, for some n, it follows from
the construction that

1
AT, I £ 0) = AT FDI S 52 1F1 =5

Hence ||f £ ¢g|| £1 and f is not an extreme point of S(_Z'(R)).

4, I*(R)* and M*(R)*. Let K Dbe a topological space and let
C(K) denote the set of bounded continuous functions on K. Let
rea (K) (rba (K)) denote the set of countably (finitely, respectively)
additive, bounded regular Borel measures on K. From the Holder
inequality we obtain this result.

ProrosITION 4.1. Let 1<p, g< o and 1l/p +1/g=1. Let
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e M(R) and prercall, o). If I: I"(R) — C is defined by
(.1 @ =\ AT, fpaur),  fer@m,
then 1 e I*(R)* and

1 =51 o
A(T Nde < |1 =\ AT, |[y|9)"de .
T ), A i = (15§ AT, i

In this section, we will consider the converse of Proposition 4.1,
i.e., can each leI?(R)* be represented by (4.1)? For 1< p < oo,
let K,=1[1, ) X S(MY(R)), 1/p + 1/g =1, be equipped with the
product topology.

LEMMA 4.2. Let 1< p < co. For each fe M?(R), define f as
AT, ¢)= AT, f6), (T, 9)eK,.

Then ™ is an isometric isomorphism from MP(R) into C(K,).

Proof. The Holder inequality implies that
|F(T, 9)| = | A(T, f3)| < A(T, | f )7 - A(T, | ¢ < A(T, | f 7).

Hence || f llox,y = I fllupw- On the other hand, by taking ¢ =
(I sgn f, we have

”f”o(l{p) = ?ng A(T, fé,) = sllélTp AT, 117 =11 f v

Henceforth we will not distinguish f and f, fe M?(R). For a
normal topological space K, we will use B(K) to denote its Stone-
Céch compactification. It is known that every bounded continuous
function on K has a unique norm preserving extension to B(K).
Hence one can identify C(K) and C(8(K)). This identification induces
an isometric isomorphism from rba (K) onto reca (8(K)). For each
rerca(B(K)), if we let v(E) = u(E) where E is a Borel subset in
K, then verba (K) and S fdy = L(K) Ffdu for all feC(K), where f

is the extension of f on g(K).
LEMMA 4.3. Let 1 < p < o and let | be a norm attaining func-

tional in MP(R)*. Then there exists a + € S(M(R)) and a positive
rerball, ) such that ||p]| = ||l|| and

@9 =\ AT, fpauD)  vieMAR) .
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Proof. We will identify M?(R) as a subspace of C(3(K,)) (=C(K,))
and assume that ||l|| = 1. The Hahn-Banach theorem and the Riesz
Representation theorem imply that there exists a vereca (3(K,))
such that ||v|| =1 and

K

ap =\ AT, FeM®B).
P

Suppose that | attains its norm on g € S(M?(R)), i.e., I, g> = ||gl|| =

11| = 1, and let

B ={(T, ¢) e B(K,): |9(T, ¢)| = 1} .

Note that v vanishes outside B. For each (7, ¢) € B, there exists a
net {(T}, ¢,)} in K, which converges to (7, ¢). Let +» = |g|*~'sgng.
Then lim, | A(TY, g¢,)| = 1 = lim; A(T", g+). By the uniform convexity
of LY([—T;, T,], dx/2T;) (note that each L? has the same modulus of
convexity) and Lemma 2.1, we conclude that lim; A(T,, |4 — ¢;|) = 0.
This, combined with the Holder inequality, implies that lim, A(TY, f¢;)=
lim, A(T,, f+) for all fe M?(R), and hence f(T, ¢) = f(T, +) for all
feM*(R), (T, ) B. Now, for any fe M*(R),

1= |\ AT, sanT, ¢)

= |lv|| -sup {| AT, ¢)|: (T, ¢) € B}
= sup {| AT, y)|: (T, ¢) € B}
=sup{| AT, y)|: T =1}.

If o(f) =sup{|A(T,v)|: TeR"}, feC(B(K,)), T is a nonnegative,
positive homogeneous subadditive functional. An application of the
Hahn-Banach theorem yields a norm preserving extension, fie
rea (B(K,)), of I such that [{(gZ, f)| < z(f) for all f in C(B(K,)). It
follows that ||Z|| =1 and # is supported by g[1, ) X {+}. By
letting ((E) = fi(E X {v}) for each Borel subset E of [, «)

Gy =\ AT, fpduT) v MAR).

The fact that g is positive follows from |[[x]| =1, |lg|]=1 and
| acr, 19mapmr = 1.

Let K be a topological space. For each perba(K), ¢ can be
decomposed as pt = p, + #, where y, erca (K) and p, is purely finitely
additive, i.e., if 0 <y < || and v ereca (K), then v = 0. Note that
/. vanishes on compact sets of K.
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COROLLARY 4.4. Let 1< p < = and let I be a norm attaining
functional in I?(R)*. Then there exists a o € S(I(R)) and a positive
prercall, ) such that |[p]| = ||1]] and

@G5 =T AT ATy vieI®).

Proof. Let leI?(R)* with ||l]| =1 and let g € S(I?(R)) such that
A, 9> =lgll =l =1. If 4 =|gl"*sgng and 7 is the norm pre-
serving extension of [ on M?(R), then by Lemma 4.3, there exists
a positive fferba[l, «) such that || || = || Z|],

@, gy =\ AT, f)ap(r)  vre M)

Let fi = p + ¢ where prerca[l, ) and ¢ is purely finitely additive.
Note that S A(T, fy)dy = 0 for all f in I?(R) and we have

G =\ AT, fauT)  vieP(R) .

Since [|¢]| <1 and Sw A(T, | 9| (T) = <1, g5 = ||g|| = 1, it follows
1
that the norm of g is 1. This completes the proof.

Since S(I?(R)) contains no extreme point (Proposition 38.7), it
follows that I?(R) is not a dual space. However, the above corollary
implies the following more interesting result.

THEOREM 4.5. For 1 < p < oo, I?(R)** = M*(R).

Proof. Let o be the weak topology on M?(R) induced by
I’(R)*. We will show that: (i) For each feM*R), ||f|| =
sup {{, f: le S(I*(R)*)}; (i) I*(R) is o-dense in M?(R); (iii) Every
bounded net in I?(R) has a o-convergent subnet in M?(R). It then
follows that I?(R)** = M*(R).

To prove (i), we let fe M?(R) with ||f|]|=1. Let ¢ >0 and
suppose that T, satisfies A(T, |f|?) >1—e. Let 4 = |f|>'sgnf
and let ¢ = o;, the point mass measure at T,. If [, is the func-
tional defined by + and g as in Proposition 4.1, then

1—e= o f) =sup{{, fH: LeSI(R)")}.

Conversely, if D is the set of norm attaining functionals in S(I?(R)*),
then the theorem of Bishop and Phelps [5] implies that D is dense
in S(I?(R)*). Corollary 4.4 implies that each ! € D can be represented
in terms of +» € S(J%(R)) and a positive g erca (R*). Hence
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@ =\ A, frap < 7 AT, 1y iyap 1.

By taking the supremum of the left hand side, part (i) follows. To
prove (ii), let fe M?(R) be given. For any leS(I?(R)*) and for any
€ > 0, choose I’ € D such that ||l — I']] < ¢/|| f||, where U’ is represented
by 2 and + as in Corollary 4.4. There exists a compact set K in
R* such that p(RN\K) < ¢/|| fIl. If fx = f-Xxuix), then fx € I*(R) and

[ £ =y £ 1SI £ =y D1 £y =W, f 1, > = i
e+ | AT (- fownde +e
= 3e.

To prove (iii), let {f,} be a net in S(I?(R)). For each =, the weak
compactness of L’[—n, n] and an application of the diagonal method
imply that there exists a subnet {fe} of {f.} and a locally L* funec-
tion f such that f3-X;_, .1 -——>f Xi—n,m; for each n. Since A(T, | f:|)=1,
it follows that A(T, | f|?) < 1 and therefore fe M?(R). The dominated
convergence theorem yields that

lim |7 A, (i = wrap =0

for any ¢ € M(R) and perca(R*). Corollary 4.4 and the density of
D in S(I*(R)*) imply that {f;} converges to f in the o-topology.

THEOREM 4.6. Let 1< p < o and let leI?(R)*. Then there
exists a v € S(IMY(R)) and a positive ptercall, o) such that || p|| = ||1]|
and

@ = AT paur)  vier®.

Proof. Since M*(R) = I°(R)**, there exists a g e S(M?(R)) such
that ¢, g» = ||!||. Let 4 = |g|**sgng and let [ be the norm pre-
serving extension of ! on M?(R). By Lemma 4.3, there exists a
positive ferba[l, ) such that I can be represented by 7 and 4.
The same argument as in Corollary 4.4 yields

@1 =T AT T vieP®)

where # is the countably additive component of f, x is positive and
[leell = 12l

THEOREM 4.7. For 1< p < e, M*R)* = I"(R)* @ I"(R)* and
L+ LIl = [[LIL + LI for l,e I"(R)* and I, e I"(R)".
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Proof. Since M*(R) = I?(R)**, it follows that M?(R)* = I(R)* &
I*(R)*. To prove the second assertion, we may assume that ||l,|| =
[[L,]l = 1. For ¢ > 0, choose f, € I’(R), f,e M?(R) such that {, f) =
1 —-¢and ||f;l]| =1. Note that

;_iﬁl_A(T, |l =1.

Without loss of generality, assume that supp f,<[—a, a] for some

a > 0 such that p(R\(a, )) < e where g is the measure in the
representation of I, and

AT, | i) < e forall T>a.

Let f=fi + fo* Xn-a,a;- Then || f|| = sup,<r A(T, | f?)» <1 +¢. The
fact that <I,, g¢> = 0 for all g € M?(R) with compact support implies
that

&+ b, ) 2 [y £ — &) + oy for Xrstmarar
= <l1’ .f1> + <l2y .f2> — €

=2 — 3.

It follows that ||I, + 1,|| = (2 — 3¢)/(1 + &) and since ¢ is arbitrary,
11, + L,]| = 2. This completes the proof.

5. Representation of _Z?(R)*. A finitely additive measure
perball, «) is said to be concentrated at «~ if pu(E) =0 for any
measurable subset E contained in a finite interval. It is easy to
show that for 1< p< o, if ye #ZY(R), perball, «) and g is
concentrated at oo, then

@& =" AT, prapT)  vie A R)

defines a functional on _#Z7*(R). We will show that every norm
attaining functional on _#Z*(R) is of this form.

Recall that _Z?(R) is isometric isomorphic to M?(R)/I?(R) (Propo-
sition 2.4). This implies that _Z?(R)* is isometric isomorphic to
I*(R)*.

LEMMA 5.1. Let 1< p < c. Then fo_q_' each fe M?(R)/I?(R),
there exists an fe M?(R) such that || f|| = ||l

Proof. Theorem 4.7 implies that I?(R) is an M-ideal [1] in M*(R).
Hence it is a proximinal subspace of M?(R), i.e., for each fe M?(R),
there exists a ¢g € I?(R) such that

If —gll = inf{|[f— R|: ke "(R)} .
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It follows that eagh feM*(R)/I’(R) is the image of an fe M?(R)
such that || f]| = |[f]].

THEOREM 5.2. Let 1< p< = and let I be a morm attaining
Sunctional on .#Z*(R). Then there exists a € #Z'(R),1/p +1/q =1,
and a positive pcrball, ) which is concentrated at - such that

@1 =" AT, frde Ve 2R .

Proof. We will assume that ||l|| =1. The identification of
AZ?(R)* and I?(R)*, and Lemma 5.1 enable one to assume that
leI’(R)* and ! attains its norm on a g€ S(M?(R)). Recalling the
notation and proof of Lemma 4.3, we claim that for (T, ¢)e B, if
{(T,, )} is a net in K, which converges to (T, ¢), then lim, T, = oo,
This holds, since if not, there is a subnet {7} such that lim, T, =
Ty < eo. If g, =g Liinn» then {, g0 =<, g» =1 (for [ e I"(R)").
This implies that |g,(T, ¢)| = 1. But for n > T, there exists an «,
such that for a > «,

19Ty 9)| < A(Ta, 19.12)77 « A(T,, 1649 = 0 .

Hence |g,(T, ¢)| = 0. This is a contradiction and the claim is proved.
It follows that one can show that

(5.1) 1<t £ éli—rglf(T, )| VieM*(R).

Moreover, using the proof of Lemma 4.3, one can find a e rba[l, «)
such that

(5.2) a0 = | AT apr)  vie M R)

with z positive and ||1|| = ||#¢]]. Inequality (5.1) clearly implies that
o is concentrated at «. By considering (5.2) with fe _Z?(R), we
have € _#Z%R) such that

a9 =\ AT, frau®)  vie s R).

COROLLARY 5.3. Let 1 < p < oo and let X be a closed subspace
of #*(R). Then there exists a norm dense subset D in X* such
that each le D can be represented as in equation (5.2).

Proof. Let D be the set of norm attaining funectionals in X*.
Let leD. By the Hahn-Banach theorem, [ can be extended to a
functional [ in _#Z?(R)* with ||l]|| = ||l|] and [ also attains its norm.
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The representation of 7 on _#Z ?(R) will give the representation for
l on X.

We are unable to represent every functional [ in _Z?(R)* as in
(5.2). However, if we consider the subspace

A2R) = {fea®): lim 2\ " |1 =0},

the space of _#Z?-regular functions, a complete representation can
be obtained. The method is due to Cwikel [7, Erratum].

LEMMA 5.4. For 1< p < o, let fe M?(R), ¢ M}(R) and sup-
pose that |S — T| < 1. Then |A(T, fé) — A(S, T¢)| — 0 uniformly as

T — oo,

Proof. The lemma follows from the following inequality:
|A(T, f3) — A(S, f9)l

=lgr ) a5 VLol v as

|
28 S[ 7 T1A[- ssllf¢'

sli-Zazm+L- L0011,

THEOREM 5.5. Let 1 < p < o and let le _#ZP(R)*. Then there
exists a positive prerball, «) which is concentrated at « and a two
variable Borel measurable function (T, x) such that for each fixed
T, v(T, -)e #(R) and

63 G5 =\ (55| f@WT,0de)duT) Ve 2R).

Proof. Let I,=[m,m+ 1), m =1, and partition I, into
2m + 1 disjoint consecutive subintervals E,,, ---, Bypirm. If E, =
Unsn Fonm U(—E,,.0), then {E,} is a disjoint sequence of sets.
Applying the notation and proof as in Lemma 4.3 and Theorem 5.2,
with M?(R) in place of M?(R), we have for each norm attaining func-
tional I on _#Z"(R), there exists a g € S(M?(R)) such that {, ¢> = ||I]}
and

<4 | <TmIAT, 9| = Em| AT, 9) - 25, VFe MIR)

where ¢ = |g|"*sgn g (the last equality follows from Lemma 5.5).
Hence we can choose a representation of ! with ¢e M (R) and a
verba[l, ) which is supported by E, and concentrated at .
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Now, for any le_#Z?(R)*, let {l,} be a sequence of norm attain-
ing functionals which converges to I. Suppose that the I,’s are
represented by (5.2):

W £ = | AT, fr)dv(T)  Vfe MAR),

where +r, € M/(R) and v, is supported by E, and is concentrated at
co, If one defines

o

n=1

Then it follows that

W 0> =\ (5 | Few (T, o) don (D) vie MxR) .

The weak compactness of the unit sphere of rba[l, «) allows one
to assume g is a w*-limit point of {v,} and hence

@0 =\ (55, F@w @, ode) dut) Ve MxR).

It follows immediately that g is concentrated at - and p is positive.
By considering l e _#Z?(R)*, we have (T, -)e _#ZR)

@0 =\ (g few(T, ) du)  vie 2R .
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